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Abstract: We construct a Markov family of solutions for the 3D Navier-Stokes 

equation perturbed by a non degenerate noise. We improve the result of |S] in two 
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1 Introduction 

We are concerned with the stochastic Navier-Stokes equations on CP an open bounded 
domain of with smooth boundary dCP. The unknowns are the velocity X(t,^) and 
the pressure p{t, defined for < > 0 and ^ € O: 

I dX{t, 0 = [AXit, 0 - {Xit, 0 • V)A(<, - Xpit, Odt + fii)dt + $(A(<, ■))(e) dW, 

\ div A(t,^) = 0, 

( 1 - 1 ) 

with Dirichlet boundary conditions 

A(t,^) = o, t>o, Cede, 

and supplemented with the initial condition 

xio,o = xiOD^o. 

We have taken the viscosity equal to 1 since it plays no particular role in this work. 

The noise is of white noise type and its covariance may depend on the noise through 
the operator $(A). 

It is classical that this equation, both in the deterministic and stochastic case, 
has a global weak solution. Uniqueness of global solutions is a long standing open 
problem and one of the main challenge of the theory of partial differential equations 
(see m for a survey on these questions). Although an intense research has been 
performed on this aspect and many new ideas have appeared, this problem seems to 
be still out of reach. 

In the stochastic case, a less difficult problem is the uniqueness in law in the spirit 
of Stroock and Varadhan m Some progress have recently been obtained on that 
aspect. In |3], it has been proved that if the noise is additive and sufficiently non 
degenerate it is possible to construct directly a solution of the associate Kolmogorov 


I 


equation. Unfortunately, this solution is not sufficiently smooth and Ito formula 
cannot be applied. Thus the Stroock and Varadhan program cannot be accomplished 
and uniqueness in law remains open. However, using other ideas, it has been shown 
in that it is possible to construct a Markov transition semigroup which is the 
limit of Galerkin approximations for inj. Moreover, this semigroup is associated to 
weak solutions and thanks to the nondegeneracy of the noise, it is strongly mixing. 
It follows from CH that it is exponentially mixing. 

Also, in [SI, IS], another idea of the book m has been used. It has been shown that 
it is possible to construct a Markov selection from weak solutions to ini. Moreover, 
using the ideas of [3] , it is proved that if the noise is sufficiently non degenerate every 
Markov selection of weak solutions defines a Strong Feller transition semigroup. 

In this article, our aim is to improve the result of and to extend it to the case of 
a state dependent noise. Moreover, we considerably simplify the construction. Indeed, 
in PI , numerous technical a priori estimates are necessary for a suitable approximation 
of the Kolmogorov equation introduced thanks to Galerkin approximation. We use 
the same idea here but show that it is sufficient to estimate the first derivate of 
their solutions as well as their modulus of continuity in time. This allows to prove 
compactness of the approximated solution of the Kolmogorov equations. We then 
notice that in fact this implies the convergence in law of a subsequence of the family 
of solutions. The limit is clearly a Markov family of solutions. Gontrary to in, m, 
this Markov family of solution is obtained in a constructive way. 

We also prove irreducibility of the transition semigroup thanks to classical argu¬ 
ments taken from the method to prove support theorems. Ergodicity follows. 

2 Preliminaries 

We set 


H = {x G {L^{0))^ : div a; = 0 in O, a; • n = 0 on 30}, 


where n is the outward normal to 30^ and V = {Hq{0)Y H H. The norm and inner 
product in H will be denoted by | • | and (•, •) respectively. We denote by C{H) (resp. 
C 2 {H)) the space of linear (resp. Hilbert-Schmidt) operators on H with norm | • 
(resp. I • l^j). Moreover IT is a cylindrical Wiener process on H and, for any x G H, 
the operator $(a;) G >C(iJ) is Hilbert-Schmidt and such that Ker (j){x) = {0}. 

We also denote by A the Stokes operator in H: 


A = PA, D{A) = {H^{0) f n iO) f n H, 


where P is the orthogonal projection of (L^(0))^ onto H and by b the operator 


y) = -P{{x ■ V) 2 /), h{x) = b{x, x), x,y gV. 
Now we can write problem HU in the form 

AX{t, x) + b(X(t, x)) + f)dt + $(X(t, x)) dW(t), 



( 2 . 1 ) 
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We assume that the forcing term / is in V. 

Classically, we use fractional powers of the operator A as well as their domains 
D{{—A)°‘) for a S K.. Recall that, thanks to the regularity theory of the Stokes 
operator, £>((—A)“) is a closed subspace of the Sobolev space and | • 

|£)((_^)Q) = |(—A“) • I is equivalent to the usual norm. 

Let 0 < a < /3 < 7 . Then the following interpolatory estimate is well known 

\{-Afx\<c\i-A)^x\^\{-Ayx\^, x€D{i-Ay). ( 2 . 2 ) 


Moreover {b{x,y),y) = 0, whenever the left hand side makes sense. We shall use the 
following estimates on the bilinear operator b{x, y) (see 0 , 0 , my- 


{-Ay^^b{x,y) 


< c\Ax\ \Ay\. 


(2.3) 


The following result can be proved by classical argument (see [S]). 

Proposition 2.1 For any x S H , there exists a martingale solution of equation 
with trajectories in C([0,T]-, D{{—A) “)) and L°°(0, T; iL) D L^(0, T; D((—A)^/^) for 
any a > 0 and T > 0. 

Let E be any Banach space and (p : D{A) —> E. For any x,h € D{A) we set 

Dip{x) ■ h = lim - (ipix + sh) — plx)), 
s^O s 

provided the limit exists. The limit is intended in E. The functional space Cb{D{A)-, E) 
is the space of all continuous and bounded mappings from D{A) (endowed with the 
graph norm) into E and, for any fc S N, Ck{D{A)-,E) is the space of all continuous 
mappings from D{A) into E such that 




xGI^A) 


1 )^ 


< + 00 . 


We denote by Bb{D{A)-,'R.) the space of all Borel bounded mappings from D{A) into 
K.. It is also convenient to define the space 


S =G Cb{D{A)-,] 
with the norm 


sup 


\p{x2) - p{xi)\ 


llv^lls = ll‘/ 5 ||o + sup 


\A{x2-x,)\{1+\Ax,\^ + \Ax2?) 

\ip{x2) - p{xi)\ 


< 00 


(XUX2) - a;i)|(l + |Aa;ip + \Ax2\'^) 


We introduce the usual Galerkin approximations of equations 123J- For m G N, we 
define the projector Pm onto the first m eigenvectors of A and set bm{x) = Pmb(Pmx), 
^m{x) = Pm^{x), for x G El. Then, we write the following approximations 

f dXm {t,x) = {AXm {t,x)+ bm (^m lt,x)))dt + (W^ {t,x)) dW (t ), 

\ (2.4) 

W^(0,x) — PmX — Xm^ 
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and 


[ll^m{x)D'^Um] + {^X + bm{x), DUm), 


(2.5) 

Wm( 0 ) = <f, 

where ipm = ^m^m- Equation ( 1 ^ has a unique solution given by 

Umit, x) = Pr'y^ix) = E[(f{Xm{t, a;))], for x G P^H. ( 2 . 6 ) 

We extend Um{t,x) to H by setting Um{t,x) = Um{t, Pmx). We assume that $ is a 
function of x with values in C{PI). Then, if is a function, Um is differentiable 
and its differential can be expressed in terms of = rj’^{t,x) the solution of 

drL = {ArL + C(^™) ’ vt) dt + $L(^m) ■ rudW{t), 

(2.7) 

^m(0,a^) = Pmh, 

with b'^{Xm) ■ Tim — bm{Xm, Vm) + bm{VmT Xm)- Moreover, since we assume that the 
noise is non degenerate, the differential of Um exists even when ip is only continuous 
thanks to the Bismut-Elworthy-Li formula, see ^ and [Jj. Unfortunately, it is im¬ 
possible to get any estimate on the differential of Um by these ideas. Indeed, we are 
not able to prove an estimate of ? 7 m(t, x) uniform in m. The idea is to introduce the 
auxiliary Kolmogorov equation 


dVm 

dt 


= - Tr [tjj^{x)D'^Vm] + {Ax + bm{x), Dvm) - K\Ax\ 


( 2 . 8 ) 


l^m(O) = if, 


where if > 0 is fixed, which contains a “very negative” potential term. It has a 
unique solution given by the Feynman-Kac formula 


Vm{t, x) ;= srip{x) = E \e-^^o x)) 


(2.9) 


Clearly, the function can be expressed in terms of the function Vm by the variation 
of constants formula: 

rt 

•) = +A / Sl^J\A- \'^u^.(s,-))ds. (2.10) 


(t, •) = Srv’ + K f Sr.silA ■ \^u^{s, ■))ds. 
Jo 


Since the noise is non degenerate, from we know that for any ip G Cb{H), S™ip is 
differentiable in any direction h G H and we have 

DSr^{x) ■ h 


= -E 
t 


+2KE 


, Kf ^{X^{s,x))r]^{s,x),dW{s)) 

Jo 

J (l - {AXmis,x),AT]';^{s,x))ds 


( 2 . 11 ) 
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We are going to prove estimates for the derivatives of Um{t, •) through corresponding 
estimates for We will see that this is possible provided K is chosen large 

enough. This implies some compactness on the sequence {um)m- 

The main assumption in our estimates below is that the covariance operator is at 
the same time sufficiently smooth and non degenerate. We assume throughout the 
paper that there exists constants Mi > 0, r £ (1,3/2) and g > 0 such that 

Tr [(-A)i+9$(x)d>*(x)] < Ml, for xGH (2.12) 

and 

\^-\x)h\ < Mi\i-Ayh\, ioT X e H, he D{{-AY). (2.13) 

Note that these two conditions are compatible, for instance if we take $(a;) which is 
bounded and invertible from H onto £>((—A)“), a > 0 then conditions 12.1211 and 
(imil are satisfied provided 

a e (5/4, 3/2), 

and the norm of $(a:) and its inverse are uniformly bounded. 

Since we also work with the differential of the solution with respect to the initial 
data, we also need some assumption on the derivative of $. We assume that there 
exists S < 3/2 such that: 

Tr [(-A)2($'(x) • /i)($'(x) • h)*] < Mi\{-Ayh\^, for xGH, he D{{-AY). (2.14) 

Example 2.2 Let c > 0, a G (5/4, 3/2) and k a bounded mapping H —> C 2 {H] D{A)) 
with bounded continuous derivative. We set 

$(a:) = {—Ay + ck{x). 

If Ker <l>(a:) = {0} for any x £ H, then $ verifies the previous assumptions. This is 
the case if c is small. A first example of such n is the following. Let {Kn)n be a family 
of functions in C/{H) with norm bounded by one and (A„)„ £ P{N). We denote by 
(ltn,e„) the family of eigenvalues and eigenvectors of {—A) . Then, we set 

k{x^ • h — ^ ) p.n \nKn{x{hnen, wheVC h = ^ ) hjiCji. 

n n 

Another example is given by 

{K{x)-h){y= j ,x{i'))h{y)dy, 

JOxO 

where V is a C°° map O x O x K —> R with compact support and free divergence with 
respect to the first variable (i.e. div V{-,f,r) = 0/. 

Before stating our main result, we recall the following definition 

Definition 2.3 Let {fl^, iFx,^x)xGD(A) he a family of probability spaces and {X{-,x)),„fzD(^A) 

he a family of random processes on {^x,d-x,^x)x^D{A)- We denote by {IFDt the fil¬ 
tration generated by X{-,x) and by Vx the law of X{t,x) under P^,. The family 
{Ltx,iFx,^x, X{-,x))x£D{A) is a Markov family if the following conditions hold: 
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(i) For any x € D[A), t > 0, we have 


P, {X{t,x)€D{A)) = l, 


(ii) the map x ^ Vx is measurable and for any x G D{A), to,... An >0, Aq, ..., An 
borelian subsets of D{A), we have 


P, {XitF.)&A\Tl)=Vx(t,x){A), 
where A= {y & (iJ)“+ | y{to) G Aq, ..., y{tn) G An}. 


The Markov transition semigroup {Pt)t>o associated to the family is then defined by 


Pt(p{x) =Ex{ip{X{t,x))), X € D{A), t>0. 


for (/? G Bb{D{A);R). 

The main result of the paper is the following. The proof is given in the case / = 0, 
the generalization to a general f G V is easy. 

Theorem 2.4 There exists a Markov family of martingale solutions {Ax, tFx, Px, x))x£D{A) 
of the stochastic Navier-Stokes equations Furthermore, the transition semigroup 

{Pt)t>o is stochastically continuous. 

We also study ergodic properties and prove the following result. 

Theorem 2.5 There exists a Markov process X{-, u) on a probability space (fli,, 
which is a martingale stationary solution of the stochastic Navier-Stokes equations 
ED- The law v of X{t,v) is the unique invariant measure on D{A) of the transition 
semigroup {Pt)t>o- Moreover 

(i) the invariant measure v is ergodic, 

(ii) the lawVv of X{-,v) is given by 




D(A) 


for A = {y G {H)^+\y{to) G AQ,...,y{tn) G T„} with to,. ■. ,tn > 0 and 
Aq, ..., An borelian subsets of D{A), 

(Hi) the transition semigroup {Pt)t>o is strong Feller, irreductible, and therefore 
strongly mixing. 

Remark 2.6 In fact, we prove that there exists a subsequence {mk)k such that, for 
any X G D{A), X^ki-yX) —> X{-,x) in law. Moreover Xm,,{-,Vmk) tho unique station¬ 
ary solution of (|13J) converges to X{-,iy). Thus, the solutions {X{-,x))x and X{-,iy) 
are obtained in a constructive way. 
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3 A priori estimates 


For any predictible process X with values in H, we set: 


Zx{t) = 



e(‘-«)^$(X(s)) dW{s). 


(3.1) 


We have the following estimates on Zx which will be useful in the sequel. 

Proposition 3.1 For any T > 0, e < g/2 and any m > 1, there exists a constant 
c{£, m, T) such that, for any predictible process X with values in H, Zx has continuous 
paths with values in and 


E( sup \{—AY^^Zxit)\'^'^)<c{£,m,T). (3.2) 

te[o,T] 


Moreover, for any j3 < Ta\n{g/2 — e, 1/2}, there exists a constant c{£, j3,m,T) such 
that for ti,t 2 € [0, T], 

Ei\i-AY+YZx{h)-Zx{t2))\^n<ci£,P,m,T)\h-t2\^^^. (3.3) 


Proof: The proof uses the factorization method (see ^ Section 5.3]). We write 


Zx{t)= [ (t - s)“-ie^(‘-'*)F(s)ds 

Jo 


with a to be chosen below and 
sin TTo 


Y{s) = 


pMt-s)(„ _ 


a 


(s - a)-°‘^{X{a))dW{a). 


Using Burkholder-Davies-Gundy inequality, we deduce for m £ N: 
E(|(-y4)i+®y(s)|2™) 


< cE 




\i-A) 


(s-cr) °‘^X{a))\cJa- 


< cE(^^"(s-CT)-2“|(-yl)i/2+9/2$(X(a))||J(-A)i/2+"-s/2e^(«—^ 

< cMi {s - , 


thanks to well-known smoothing properties of the semigroup (e"^*)t>o and assumption 
(irnii . This is a finite quantity provided a < min{(//2 — £, 1/2}. Moreover, it is a 
bounded function of s £ [0, T]. It follows easily that Y £ L^’”(Ox [0, T]; D{{—AY^^)). 
Proposition IQ follows now from Proposition A.1.1 of [H]. □ 

The proof of the following estimate is the same as the proof of Lemma 3.1 in [ 3 . 

Lemma 3.2 There exists c > 0 such that, for any m £ N, t £ [0,T] and x £ D[A), 


e-^JjA^^(-^^)Jd^\AX,n(t,x)\^ <2\Ax\^ + c sup |AZv„(s)l^ (3.4) 

s6[0.T] 
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Lemma 3.3 For any j € (S — 1/2,1], there exists c.y > Q such that for any m G N, 
t € [0, T] and any x,h G D[A) we have 

(3.5) 


Proof. We use Ito formula to obtain 




, 2 f e-^^^0 I^^W^"|(-A)^+i/2,7(s)|2cis 

Jo 


,-c^J*\AX{s)\^ds 


Tr [{-Af^ {^'{X{f)) ■ r,{t)) {<P'{X{t)) • ry(t))*] dt 


+2 ii-Af'^Tjit), {<P'{Xit)) • r?(t)) dW{t)) + 2 (b'iXit)) ■ rj{t), {-Af^ijit)) dt 

-c,\AX{t)n-Ayrj{t)\^dt . 


We have written for simplicity r]^{t) = ri{t) and X{t) = Xjn{t,x). Using 12.311 . 
Poincare inequality and (EH), we obtain 

{bfX{t)),vit)A-Ar^m <c\AX{t)\ \Ar^{t)\ \{-Ar^-^/^rj{t)\ 

<c\AX{t)\\{-Arn{t)\\{-Ar+^/^r^{t)\ 

< c\AX{mi-Arrj{t)\^ + i|(-yl)^+V2^(i)p. 

Moreover, since 5 <7+1/2 in 12.1411 . we have 

Tr [{-Af^ {^'{X{t)) ■ r^{t)) (d>'(X(t)) • ri{t))*] 

< c Tr [(-A)2 (<i>'(X(t)) • ry(<)) ($'(X(t)) • ry(t))*] 

< c |(-A)\(<)p 

<c|(-A)'^r?(t)p + i|(-7l)^+V2^(t)p. 

It follows that, for Cj sufhciently large. 


Jo 




ii-Af^vit), (<i>'(X(t)) • ry(t)) dW(t)) + c \i-Arv{t)\^dt 


We deduce the result by taking the expectation and integrating. □ 

We now get bounds on the Feynman-Kac semigroup S'™. 

Lemma 3.4 For any 1 > 7 > max{(5 —1/2, r—1/2}, where r G (1,3/2) is defined in 
(imil and k G N, if K is sufficiently large there exists 0 ( 7 , k) > 0 such that for any 
^GCk{D{A)-R) 

\\{-A)-^DSrF\\k < c(7)(t-'/^-(’'-^^ + 1 )|| + |U, t > 0 , 

for all m G N. 
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Proof. Let h G H. We write (12.1111 as DSY^ip{x) ■ h = Ii +12 and estimate separately 
the two terms. We again write for simplicity = ri{t) and X{t) = Xm{t,x). 

Concerning Ii we have, using the Holder inequality, 


/i < - \\ip\\k E 


< 


E L-Kj*\AX{s)\^ds ($-i(X(s))r 7 (s),dW(s)) 


Choosing K sufficiently large, the first factor is easily majorized by c(l + 
thanks to Lemma Fd.21 and ProDOsition ld.il To estimate the second factor we proceed 
as in [2 and set 


pt 

^{t) = e-^ / ($-i(X(s))r/(s),dW(s)) 

Jo 

and use Ito formula to compute E(^^(t)). We obtain 

E(e^(t)) 

Recalling assumption 112 . 1:111 and the interpolatory estimate ( 12.211 we find 

Consequently, by Holder inequality and Lemma roi we get 

E(e(t)") < cy-^^^-'^^\{-Ayh\y 

provided K is sufficiently large. Thus 

h < {\Ax\ + I)''. 

Finally, since 7 > 1/2, the following estimate easily follows from Holder inequality 
and Lemmas roroi 

i 2 <cM\k ii + \Ax\y\i-Arh\. 

Consequently, if K is sufficiently large, we find 

iDSy^pix) ■ h\ < c||(^|U(l + |Ha;|)'=(l + 

The conclusion follows. □ 

We are now ready to get uniform estimates on the approximated solutions to the 
Kolmogorov equation. 


< E 


o-KJo \AXm(T,x)\^dT\(^-l 


$ {X {s))ri{s)f ds 


L^O 
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Proposition 3.5 If f € C;,(D(A);R), then Um{t) G Cb{D{A)-,R) and, for any 1 > 
7 > max{(5 — 1/2, r — 1/2}, {—A)~'^Dum G C 2 (-D(A);R) for all t > 0, m G N. 
Moreover, we have 

ll^mWIlo < IIV^IIo 

and 

\\{-A)-'<Dum{t)h < c(7)(l + t > 0. 

Proof. The first estimate follows from (12.611 . By (I2.1UI) and Lemma E3I it follows 

\\{-A)-'<Dum{f)h < c(l + 

+ [ c{l + {t-sr^/^-^''-'^'>)\\\Axfu^{s)hds. 

Jo 

Clearly \\ip \\2 < ||v?||o and |||A 2 ;pUm(s)II 2 < ||um(s)||o < ||(/3||o- The result follows. □ 


Proposition 3.6 Let ip G £. Then for any /3 < min{g/2,1/2}, there exists c{(3) such 
that for any ti,t 2 > 0, m G N and x G D(A) we have 

\uTn{ti,x) - U„,{t 2 ,x)\ < c\\ip\\s {\Ax\ + 1)® (|ti - ^ 2 !^ + \A{e*^^ - e*"^)a;|) . 

Proof. By (12.1011 . we have for ti < t 2 


Ura{tl,x) - Um{t2,x) 


= is 


m 


Sff) y,{x)+K 



- {\Ax\^Um{s)) ix)ds 


r *2 




■^t2—S 


\Ax\' 


j(s)) {x)ds 


= Ti+T2+ Ts. 

For the first term we use the decomposition, with X{t) = Xm{t,x). 

\AX{s)\^ds _ IAX(s)l^dsJ ^(^X{ti))^ 


\Ti\ = 


E 




+E (^(X{h)) - ^(X(t 2 ))) 

< KyWeE ' \AX{s)\^e-^^o 

+ ||^||£Efe-^/o^l^^(^)l''''*(l+ sup |AX(t)p)|yL(X(ti)-X(t2))lV 

V ‘6[0,T] / 

Thanks to Lemma ES we majorize the first term by c||(^||o(j^xp + l)|ti — t2|- For 
the second term, we write 

X{ti) - X{t2) = + Zx(ti) - Zx{t2) 

+ / [ \^^^'^-^h{X{s))ds. 

Jo Jo 
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By (12.311 ■ and classical property of {e^*)t>o, for any A G (0,1/2) we have the following 

1 r\ -r /^ • 


estimate: 

E \AX(s)\^ds 


A 


< E 


IAX(s)l^ds 

.r 

0 


(_yl)i/ 2 e^h 2 -«) ^ {-A)^/^{X{s)) ds 

{-Ay/H{X{s)) 

1/2-X 


i-AY'^ (. 


gA(ti-s) _ gA(t2-s 


ds 

ds 


< caE fe sup |AXm(s,x)|^Yti - ^21’ 

V ^*e[0.t2] / 

Therefore, with Proposition ld. II and Lemma|^l we obtain for any /3 < min{g/2,1/2} 

\Ti\ < c\\if\\s{\Axf + 1) {\ti - t 2 f + - e‘^^)x|) . 

Similarly, we have 

{S^-s - {\Ax\^Umis)) < c(||w,„||o + \\i-A)-^Dum{s)h){\Ax\^ + 1) 

X (|ti — t2\^ + — e*^'^)x|) . 

Thus, thanks to Proposition 13.51 

1721 < c\\(p\\s{\Axf' + 1) (|ti - t2|^ + - e‘^^)x|) . 

Finally, the last term T3 is easy to treat and majorized by c||(^||o(|^xp + l)|ti —12|- 
Gathering these estimates yields the result. □ 


4 Proof of Theorem 12.41 

For ifi € £, let (Mm)mGN be the sequence of solutions of the approximated Kolmogorov 
equations. Thanks to the a priori estimates derived in the previous section, we are 
now able to show that (Mm)mGN has a convergent subsequence. 

We set Kr = {x G D{A) : \Ax\ < i?}. For 7 < 1, it is a compact subset of 

m-m- 

Lemma 4.1 Assume that ip G £, then there exists a subsequence {um,k)ken of (um) 
and a function u bounded on [0, T] x D{A), such that 

(i) u € G&((0, T] X D{A)) and for any 5 > 0, i? > 0 

lim UmkitiX) = u{t,x) uniformly on [<5, T] x Kr. 

fe—»oo 

(a) For any x G D{A), u(-,x) is continuous on [0,T]. 
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(Hi) For any 1 > 7 > max{(5— 1/2, r —1/2}, S > 0, R > 0, (3 < inin{g/2,1/2}, there 
exists c( 7 , 13,6, R, T, ip) such that for x,y € Kn, t,s > S, 

\u{t,x) - u{s,y)\ < c{'y,P,5,R,T,(p) (|(-A)'^ (a; - y)) | + \t - sf) 

(iv) For any t G [0, T], u(t, ■) S S. 

(v) ^(0, •) = ip. 

Proof. Let i? > 0, <5 > 0 and t,s G [(5, T], x,y G Kr. Then by Proposition Id. 51 and 
Id.61 it follows that, for [3 < min{g/2,1/2}, 

\um{t,x) - Um{s,y)\ < c{5,T)\\p\\s (|(-^)'^ (x -y))\ + \t- s|^) (4.1) 

From the the Ascoli-Arzela theorem and a diagonal extraction argument, we deduce 
that we can construct a subsequence such that 

Umkit,x) u{t,x), 

uniformly in [J, T] X Kfi for any <5 > 0, i? > 0. So that (i) follows. Moreover, taking 
the limit in gu, we deduce (iii). We define u(0, •) = p. We can take the limit 
ruk ^ cx) in Proposition ld.bl with ti = t > 0 and t 2 = 0 and obtain for x G Kp> 

\u{t, x) — p{x)\ < c{p, R) (t^ + I — /)a:|) 

This proves (ii) thanks to the strong continuity of (e"^*)t>o. Finally, (iv) is an obvious 
consequence of Proposition ld.51 □ 

Remark 4.2 We could prove that u is differentiable. This follows from a priori 
estimate on the modulus of continuity of Dum o-nd Ascoli-Arzela theorem. This 
further a priori estimate is rather technical but its proof does not require new ideas. 

Assume that p G (^/(^(A);]^), the limit u of the subsequence (um^) constructed 
above may depend on the choice of (m^). Therefore, at this point it is not clear that 
this is any helpful to construct a transition semigroup Ptp for p G Bi,{D{A);M.). To 
avoid this problem, we shall use the fact that we know the existence of a martingale 
solution and of a stationary solution of gu. The stationary solution will provide a 
candidate for the invariant measure Ft. 

In order to emphasize the dependence on the initial datum, we shall denote by 
u'f, the solution of 

To prove Theorem o we need further a priori estimates on Xm{t,x). The fol¬ 
lowing Lemma is proved exactly as Lemma 7.4 in [3]. 

Lemma 4.3 For any 6 G (^ ,1 + g], there exists a constant c{6) > 0 such that for 
any x £ if, m G N, and t G [0, T] .' 

(i) E(|X™(t,x)n+E [ |(-A)i/2x^(s,x)|2ds< |xp+tTrQ. 

Jo 
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2 ^ if S < 1 and 75 = 


It is well known that Lemma 01 can be used to prove that the family of laws 
x))m^n is tight in 2.^(0, T; for s < 1 and in C([0, T]-, D{{-A)-°‘)) 

for a > 0. Thus, by the Prokhorov theorem, it has a weakly convergent subsequence 
(£(Xmfc(-, a;))fe6N- We denote by Vx its limit. By the Skohorod theorem there ex¬ 
ists a stochastic process X{-,x) on a probability space {ilx,Xx,^x) which belongs 
to L^(0,T;D((—for s < 1 and in C{[0,T]; D{{—A)~°‘)) for a > 0, satisfying 
and such that for any x G D{A) 

Xmk{-,x) ^ X{-,x), Px a.s., (4.2) 

in LfyO,r;Z?((-y4)"/2)) and in ^([O, T]; 2:»((-A)-“)). 

Note that it is not straightforward to build a family of solution {X(t, x), {^x,iFx,'Px))x 
which is Markov. Indeed, the sequence {mk)keti ia (lOl may depend on x. The key 
idea is to use the following Lemma which states that the sequence {mk)k in Lemma 
o can be chosen independently of ip. 

Lemma 4.4 There exists a sequence (rnk)kGn such that for any ip in Z we have 

(t, x) —> u‘^(t, x), uniformly in [<5, T] x Kr for any J > 0, i? > 0. 

Proof. The proof is the same as for Lemma 7.5 in P], we indicate the main ideas. Let 
I? be a dense countable set of D{A). It follows from a diagonal extraction argument 
that there exists a sequence {mk)k such that 14.211 holds for any x G D. Then, it 
follows from Lemma lOl il that, for any ipinZ and any subsequence of we can 

extract a subsequence which converges to a continuous map Moreover, it follows 
from Lemma I4.dl iil that 

X{-,x) in D{A), dF x dt a.s., for any x G D. 

It follows that ¥.x[ip{X{t, a:))] is defined dt a.s. for x G D and taking the limit in 12.(Ill 

u'^{t,x) =¥.x[ip{X{t,x))\ dt a.s., for any cc £ £>. (4.3) 

Therefore, any two accumulation points of (uf^^) coincide on D. By continuity, there 
is only one and the whole sequence (u^^) converges to u‘^. This ends the proof. □ 
We now fix the sequence (mk)ken and define for ip G £: 

Ptip{x) = u‘^{t,x), t G [0,T], X G D{A). 

As in P], it is easily deduced that PfSx defines a unique probability measure on D{A). 
Therefore we can define Ptip{x) for (p G Bt{D{A);M.). 

Then, for any x G D{A), we build a martingale solution X{-,x) by extracting a 
subsequence {mf.)k of {mk)k such that 14.211 holds. It follows that 

Ptp{x) =Ex[piX{t,x))], x G D{A), t G [0,T], (4.4) 


(ii) E 


(-A)^X„ 




'0 (1-I-|(-A)2Xm(s,a;)P)7i 


ds < c{S), with 75 = 


^f6>l. 
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provided e Cb{D{{—A) “);K) fl £. It easily checked that (14.411 remains true for (p 
uniformly continuous in D{{—A)~°‘). Thus P^Sx - seen as a probability measure on 
D{{—A)~°‘) - is the law of X{t,x). Since P^Sx is a probability measure on D{A), i) 
of Definition ES follows. Moreover (lOl remains true for (p S Bb(D(j4);R). 

Recall that for any subsequence of {mk)k and any x S D{A), we have a subse¬ 
quence {rn^)k and a martingale solution X{-,x) such that Xmii'^x) —> X{-,x) in law 
inC(0,T;D((-A)-“)). 

To end the proof of Theorem El we prove below the following result. 

Lemma 4.5 Let X{-,x) be a limit process of a subsequence o/(•, a;))^^ ■ Then, 
for any {n, N) e ti,..., > 0 and {fk)k=o £ C’^IPnH) (i.e. fkix) = fk{PNx)), 

we have 


E, (/o(X(0, x))h{X{h,x)), ..., fn{X{ti + ■■■- 

= fo{x)Pt^ 


ini x))) 

flPt. (f2PtM---) 


{x). 


(4.5) 


By classical arguments, uniqueness in law of the limit process follows from (14.511 . 
Combining uniqueness of the limit and compactness of the sequence x))k, we 

obtain that Xm^i'^x) X{-,x) in law in (7(0,T; D((—yl)““)). It follows that the 
map X ^ Vx dehned in Definition 12.51 depends measurably on x, and that Vx{t,x){A) 
is a random variable for any A as in Definition 12.51 (ii). 

We set, for ti,..., 4, si,..., s„ > 0 and Aq, . .., Ak, Aq, ..., A^ e B{D{A)), 


j A — {X{0) G Aq, ... ,X{ti + ■ ■ ■+ tk) & Ak}, 

I = {7f(0) £ Ag, . . . , X(si S„) £ A(j}. 

Since (lOll is easily extended to any (/g, ..., /„) £ (i3h(Z)(A);R))"+^, we deduce 


Vx (.A) = lAo{x)Pti 


^AiPt2 


Applying successively (14.511 to (1 a^, ■ • ■, 1a^, 
and to (IaJj,...,1a;,1ao,---,1aJ, si,...,s 


lA2'^t3 (f A 3 ■ ■ ■ ) 


(x). 


X I ^ Px {A )), Si, . . . , Sji, t (si-l-...S 7 i) 
- (si -I- ... Sn),ti, ... ,t„, we obtain 


P, (X(., x) £ A', X{t + •,x) £ A) = E, (lA'(7f(•, x))Pxit,x){A)) . (4.6) 

provided t > Si -I- ■ • ■ -I- Sn. This yields (ii) of Dehnition EH 

Proof of Lemma 14.51 We set /(xq, ... , x„) = /o(xo)... fn{xn)- It follows from 
the weak Markov property that 


{f{Xml (0, x), . . . , Xml (^1 +- \-tn,x))) = fo{x)P^‘ 




(x). 


(4.7) 


Moreover, the convergence in (7(0, T; D((—A) “)) gives 

Ex (/(A:(0,x), ...,X{ti-\ -ht„,x))) = limE™'= (/(AT^x (0, x),...)). (4.8) 
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Therefore it remains to prove that 


/o(x)p *7 /iPr(/2^r(/3---)) 


(x) ^ /o(x)Pti 


flPt, f2Pt, ■ ■ ■ 


(x), (4.9) 


uniformly on D{A). 

We prove llO) by induction on n S N. For n = 0, this is trivial. For n = 1, this 
is Lemma lO Assume that (ICT is true for n S N. We set 


/lP-(/2P™(/3...) 

f2PI^(hP^{fA...) 


Im{x) = /o(x)Pt™ 

^m(x) = /l(x)Pt™ 

Remark that 

^rnk (x) = /o(x) fpr^m.(x) + (P,7 - P*J 


(x) - /o(x)Pti 
(x) - /l(x)Pt 2 



f2Pt, ■ ■ ■ 


(a:), 

(x). 


(x)) . (4.10) 


By the induction argument, Jmt {x) —> 0 uniformly. Hence 

ll/oJT'” Jrrik ||o< ||/o||o||J™J|o^0. 

Moreover, since fo = 0 out of a bounded set, then it follows from Lemma [4.41 


/o(x)(P, 7 '^ - P*J 


flPt. f2Pt, ■ ■ ■ 


(x) ^ 0, 


uniformly on D{A), which yields (14.1011 . 


□ 


5 Proof of Theorem 12.51 


Now we observe that, since the noise is nondegenerate, then P7'“ has a unique invari¬ 
ant measure • Moreover, we have the following result proved as in [3] (see Lemma 
7.6). 

Lemma 5.1 There exists a constant Ci such that for any fc G N 


[ [|(-A)i/2^|2 + |Axp/3 + |(-H)i+f 
Jh ^ 


l + 2g 

2 x\ 10+89 


Vmkidx) < Cl- 


It follows that the sequence (t'mfc)feGN is tight on D{A) and there exists a subsequence, 
which we still denote by (r'mj,)feGN) and a measure n on D{A) such that Vm,k converges 
weakly to z/. Moreover z/(P((—A)^+ 2 ) = 1. 

Let us take (p G £. It follows from the invariance of Vm and the convergence 
properties of the approximations of Pt^p that for any t > 0 


Ptip{x)v{dx) = / ip{x)v{dx). 


IH 


IH 


(5.1) 
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Therefore v is an invariant measure. The strong Feller property is a consequence of 
Proposition ESI Hence, by Doob Theorem, the strong mixing property is a conse¬ 
quence of the irreducibility. This latter property is implied by the following Lemma. 
Its proof significantly differs from the additive case treated in E- 

Lemma 5.2 Let xg G L>(A), e > 0 and ip G £ be such that p{x) = 1 for x in 
BD{A){xg,e), the ball in D{A) of center xg and radius e. Then for any t > 0 and 
X G D{A) we have Ptp{x) > 0. 

Proof. It is classical that, since x G D{A), there exists T* > 0 and x G (^([0, T*]-,D{A)) 
such that ^ 

x(t) = e^^x + f e^*~‘^'^^b{x(s))ds, t G [0,T*]. 

Jo 

This follows from a fixed point argument. Moreover, it is not difficult to see that 
X G L^(0, r*; II((—so that x{t) G £)((—a.e. and we may change T* so 
that x{T*) G Morever, we can assume that xg G D{{—A)^^'^). Then we 

set g = 0 on [0, T*] and define x, g on [T*, T] by 


We also define 

R=2 sup \Ax{t)\, bR{x) = d b{x), 

tG[0,T] \ R / 

where d G C“(M) takes its values in [0,1], is equal to 1 on [0,1] and vanishes on 
[2, oo). Then, for n S N, we write 

At = T/n, tk = kAt, for k gN, and IF„(t) = ^nW{tk-i) ^ ^ ^ [tk,tk^i). 


It is not difficult to see that the equation 


dX^’^= -f biiiX^R) + Png 

X"’-«(0) = X 


e [4,4+i), 


(5.2) 


has a unique solution in C{[0,T]; D{A)). We set 

G"(t) = , t G [tk,tk+i). 

By Girsanov Theorem Wn{t) = W{t) — fg G^(s)(s)ds defines a cylindrical Wiener 
process for the probability measure 


dPn = exp 



(G"(s),dW(s)) 



lG’^(s)|^ds 


dP. 


It follows that the laws of X^’^ and X^ are equivalent, where X^ is the solution of 

/ = (AX^ + bji(X^))dt + <^(X^)dW, t G [4, tfe+i), ,, 

\ X«(0) = cc. ^ ^ ^ 
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Moreover, we have, for a subsequence irik, 


Pt(p{x) = lim E{(p{Xm^:it,x))) 

rrifc —»-oo 

> lim E{ip{Xmt.,it,x))lr3 >t) 



> lim E{ip{x^ {t,x))IfR >t) 

rrik —>00 ^k — 


where = inf{f G [0,r], \AXmdt,x)\ > R}, = inf{< G [0,T], \AX^^{t,x)\ > 

R}, andX,^^ is the solution of the Galerkin approximation where b has been replaced 
by bR. Since, it easy to check that 


lim E{ip{X^ {t,x))lfR >t) =H^iX^{t,x))lrR>T) 

tfc —^00 — — 


where = inf{t G [0,r], \AX^{t,x)\ > i?}, we deduce that it is sufficient to prove 
that E{ip{X^{t, x))l^Ryx) > 0 and, since the laws of X"^’^ and X^ are equivalent, 
that a;))lT-n,K>j') > 0 with = inf{t G [0, T], \AX^'^{t,x)\ > R}. 

We prove below that converges to x in C([0, T];D{A))) as n ^ 00 . Since 
(p{x(T)) = 1, the claim follows. 

To prove that X^’^ converges to x, we first observe that is uniformly 

bounded with respect to n in D{{—A)'^))) for 7 < 1 + gl2. This 

is proved thanks to the integral form of (|S3 and similar argument as in Proposition 
rm This enables to control the difference between and 

for t G [4,4+i]- 

Then, we write the difference between the integral equation satisfied by and 

X and see that it is sufficient to prove that 

/p goes to zero in L^(0; C([0, T]; iD(A))), where = tk-i 

for s G [tk,tk+i]- This latter point is not difficult to prove. □ 

Let {Xmk(-,Vmk))k be the sequence of stationary solutions. Proceeding as in 
the end of section 4, we remark that to prove the convergence, it is sufficient to 
establish uniqueness in law of the limit of subsequence of {Xm^i-,Vm^))k- Remark 
that Theorem ElK ii) implies such uniqueness. 

So, to conclude Theorem 12..'ll it remains to establish (ii). By classical arguments, 
it follows from Lemma 14.,51 that it is sufficient to establish that 


El/ {fo{X{0, fn{X{ti H- +tn, t^))) 



(5.4) 


for any (ti,..., t„) and (/o,..., fn) as in Lemma H31 
Remark that 


Ei/^, ifoiX (O5 ^mfe)) • ■ ■ fni^rrik (^1 “t“ ' ' ’ “t“ ))) 



The convergence of the right-hand-side comes from the convergence in law in 
C'(0,r;£>((-/4)-“)). Applying g^)), we can take the limit in the left-hand-side 
and then conclude. 
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